Abstract. This paper deals with upper bounds on arithmetic discriminants of algebraic points on curves over number fields. It is shown, via a result of Zhang, that the arithmetic discriminants of algebraic points that are not pullbacks of rational points on the projective line are smaller than the arithmetic discriminants of families of linearly equivalent algebraic points. It is also shown that bounds on the arithmetic discriminant yield information about how the fields of definition k(P ) and k(f (P )) differ when P is an algebraic point on a curve C and f : C −→ C is a nonconstant morphism of curves. In particular, it is demonstrated that k(P ) = k(f (P )), with at most finitely many exceptions, whenever the degrees of P and f are sufficiently small, relative to the difference between the genera g(C) and g(C ). The paper concludes with a detailed analysis of the arithmetic discriminants of quadratic points on bi-elliptic curves of genus 2.
Let C be a curve defined over a number field k, and let X be a regular model for C over the ring of integers R of k. In [V 3], Vojta proves that, for any > 0, all points P ∈ C(k) of bounded degree satisfy the inequality h K (P ) ≤ d a (P ) + h A (P ) + O(1), (0.0.1) where A is any ample divisor on C, h A and h K are Weil heights associated with A and the canonical divisor K, respectively, and d a (P ) is the arithmetic discriminant of P . The arithmetic discriminant depends on the choice of a regular model X; it is defined as (
where H P is the arithmetic curve on X corresponding to P and ω X/B is the sheaf of relative differentials of X over B = Spec R. The difference between arithmetic discriminants derived from different regular models is always bounded. Hence, (0.0.1) is not affected by one's choice of a regular model. The arithmetic discriminant is related to d(P ), the normalized field discriminant of the field of definition of P , which is defined as
.
One may obtain d a (P ) by adding to d(P ) terms corresponding to singularities of H P at finite places and v-adic distances between the conjugates of P at infinite places v (see [V 2, Section 3] ). The precise nature of the relationship between d(P ) and d a (P ) is of great interest. Vojta's conjecture, which implies a variety of conjectured diophantine inequalities ([V 1, 5 .ABC]), is that (0.0.1) still holds when d a (P ) is replaced by d(P ) ([V 1, Conj. 5.2.6]). At this time, little is known about the arithmetic discriminants of algebraic points in general. In [S-T] , it is suggested that it may be the case that on any curve of nonzero genus, the inequality (0.0.1) is sharp, in the sense that, for any > 0, there are infinitely many P of bounded degree for which h K (P ) ≥ d a (P ) − h(P ) + O(1). This is currently only known, however, in the somewhat immediate case of curves that admit nonconstant morphisms to elliptic curves. On P 1 , there is a simple formula for d a (P ) in terms of h K (P ) ([V 2, Lemma 3.4 (d) ], but the formula does not apply to curves of higher genus. In [S-T, Section 2], it is shown that the formula for d a (P ) on P 1 extends to a simple upper bound (though not an exact formula) that applies to all algebraic points of bounded degree on a curve of any genus. Here we give a precise description of d a (P ) in terms of a certain height function of a point on Pic 0 (C) related to P . It is difficult to gain complete control of the heights of the related points, but we are able to show that our original upper bound can be improved for points whose conjugates do not form the fiber of a map to P 1 . We are also able to construct examples of quadratic points on curves of genus 2 that have arithmetic discriminants which do not behave like rational points of curves of genus 1 or less. The techniques we use to show that certain points have small arithmetic discriminants are different from the ones used to produce points with small field discriminants in [S-T, Section 4]; the method of [S-T] involves producing points P for which d a (P ) may be large but the difference d a (P ) − d(P ) is also large. We hope to combine the techniques of [S-T] with the techniques of this paper to produce families of points P for which d a (P ) is small and the difference d a (P ) − d(P ) is large. It seems conceivable (though by no means certain) that such points might have field discriminants d(P ) smaller than h K (P ) and thus constitute counterexamples to Vojta's conjecture.
The arithmetic discriminant has other interesting properties besides its connection with the field discriminant and Vojta's conjecture. For example, it yields information about the behavior of the degrees of images of algebraic points under morphisms. Suppose that we have a nonconstant morphism f : C −→ C between curves defined over a number field k. It is a basic property of the arithmetic discriminant that for all P ∈ C(k) such that
. This enables us to translate inequalities involving the arithmetic discriminant into statements about the behavior of points satisfying (0.0.2). Vojta uses (0.0.1) and the formula for d a (P ) of points P ∈ P 1 (k) to show that when C = P 1 , there are only finitely many points with degrees small relative to the genus of C and the degree of f that satisfy (0.0.2) ([V 3, Cor. 0.2]). Our extension of the formula for the arithmetic discriminant of algebraic points on P 1 to an upper bound for arithmetic discriminants of points on curves of any genus enables us to show that Vojta's result still holds when the base curve C has nonzero genus. Under certain circumstances, we can use our improvement of the bound for points that aren't obtained from rational points on P 1 to give a better version of this result. Questions concerning points such that f (P ) = k(f (P )) are closely related to questions about generalized versions of Hilbert's irreducibility theorem, which are taken up in [Tu] .
It also turns out that our result on point satisfying (0.0.2) yields a simple "arithmetic" proof of Castelnuovo's genus-inequality for curves that are covers of two other curves ([A-C-G-H, Chapter 8, Ex. C-1]) in the case where one of the two other curves is elliptic. Moreover, we are able to sharpen this genus-inequality when certain hypotheses hold. We do not know if there is a geometric proof of this improvement. In [S-T, Section 3], it was shown that the sharpness of Vojta's conjecture relates to the classical Severi problem for singular curves on surfaces, so in some sense the connection between arithmetic discriminants and the Castelnuovo genus-inequality fits into a pattern of connections between the work of Vojta on arithmetic surfaces and classical theorems for geometric surfaces.
We note that our results have a similar flavor to those of [A-H] , although the techniques of [A-H] are entirely different from ours. In fact, Abramovich and Harris ask whether Vojta's result on points satisfying (0.0.2) admits a generalization such as ours ([A-H, Remark 1.2]). Furthermore, the work of Abramovich and Harris gives rise to an improvement on Castelnuovo's second genus-inequality that is quite similar to ours.
Let us now give a brief outline of this paper. We describe the terminology and notation of this note in the next section. We then proceed to show that the upper bound
for any algebraic point P of degree ν, is an immediate consequence of the Arakelov adjunction formula and the structure theorem for the Arakelov-Picard group of an arithmetic surface. After that, in Proposition 2.3, we produce our generalization of Vojta's result on points satisfying (0.0.2). This allows us to give an arithmetic proof, in Corollary 2.5, of a special case of Castelnuovo's second genus-inequality for curves. In Section 3, we use an idea of Zhang ([Zh] ) to prove Corollary 3.3, which shows that many algebraic points P of degree ν satisfy
for any > 0. This bound yields an improvement of Proposition 2.3 in some cases; this improvement is presented in Proposition 3.4. We are then able to obtain a stronger version of Castelnuovo's second genus-inequality, under hypotheses, in Corollary 3.5. We conclude this note by looking at quadratic points on curves of genus 2. In particular, we construct a family of quadratic points on a bi-elliptic curve of genus 2 which possess arithmetic discriminants that behave differently than the arithmetic discriminants of pull-backs of rational points from an elliptic curve or the projective line.
Preliminaries
We need to introduce a bit of Arakelov theory in order to make all of our definitions precise. Let C be a curve over a number field k. All curves in this paper will be assumed to be nonsingular, complete, irreducible, and defined over a number field, unless otherwise specified. Let X be a regular model for C over the ring of integers R of k (for a proof that one exists, see [Ar] ). At the infinite places σ of k (which correspond to embeddings σ : k → C), we may endow C × σ C with an admissible Arakelov volume form (see [L 2, 4.3] ). This allows us to find local and global arithmetic intersections of arithmetic divisors on X as in [V 3 ].
An algebraic point P ∈ C(k) gives rise to a horizontal divisor H P on X (by taking the closure of the support of P in C). We define the canonical height h K of a point P ∈ C(k) to be
where ω X/B is the canonical sheaf for X over B = Spec R, metrized with the canonical Arakelov metric (see [L 2, 4.3 and 4.5] ). Note that h K is a Weil height for the canonical sheaf K of C. As mentioned in the introduction, d a (P ) is then defined as
This definition closely resembles the definition of the arithmetic genus of a curve on a geometric surface. This resemblance explains some of the behavior of the arithmetic discriminant and makes it reasonable to expect that there might be a close relationship between diophantine questions on arithmetic surfaces and classical questions about geometric surfaces. Let us also fix a horizontal divisor F of degree 1 on C, so that we will have a fixed height function on C. In [V 3], F is taken to be the Q-divisor ω X/B /(2g − 2), but for our purposes it will be convenient to choose an actual divisor on C. We will want our divisor F to have the property that (2g − 2)F is linearly equivalent to K C , so that heights taken with respect to our F will differ from heights taken with respect to Vojta's F by only a bounded constant. After extending k, we may assume that there there is some Q in C(k). Then, K C − (2g − 2)Q is in Pic 0 (C). After extending k again, we may assume that there is an element Q ∈ Pic 0 (C)(k) such that (2g − 2)Q = K C − (2g − 2)Q. Setting F := Q + Q , we have a divisor with the desired properties. We define
where H F is the horizontal divisor on X corresponding to F . Henceforth, we will always drop the A in the h A (P ) in (0.0.1) and use h(P ). From the structure theorem for the Arakelov-Picard group of an arithmetic surface and the Arakelov adjunction formula ([L 2, Thm. 4.2.3] and [V 3, p . 791]), we know that
where D P is the element of the Picard-Arakelov group of X corresponding to the Q-divisor on C × kk of degree 0 given by
where P [i] , i = 1, . . . , ν, are the conjugates of P in C(k). That this divisor is in fact k-rational follows from the fact that it is fixed by the Galois group ofk over k. Now D 2 P is always negative, by the positivity of the Néron-Tate height with respect to the Θ-divisor of the Jacobian of C ([L 1, Chapter 5]) and the fact that [Ch, Thm. 5 .1(ii)]). Thus, we obtain the following trivial upper bound
for d a (P ), as in [S-T, Section 2]. A lower bound on d a (P ) is given by (0.0.1). We will refer to this lower bound as Vojta's inequality and we will always use it with the divisor A taken to be F .
A simple generalization of a corollary of Vojta
In [A-H], it is shown that a hyperelliptic curve of genus greater than 3 cannot be bi-elliptic (that is, admit a nonconstant map of degree 2 to an elliptic curve). Abramovich and Harris mention that the result is also a simple consequence of a diophantine result of Vojta and ask if it is possible to prove analogues of this corollary for maps to elliptic curves. We show that in fact this corollary has a simple generalization for maps to curves of any genus. First, let us reproduce the statement of the result of Vojta to which we are referring.
. Let C be a curve of genus g defined over a number field k, let ν be a positive integer, and let f : C −→ P 1 be a dominant morphism. Assume that
Then the set
A weaker version of this result appeared in [V 2, Theorem A]. The proof of the lemma below follows the proof given there.
Lemma 2.2. Let C and C be curves of genus g and g , respectively, defined over a number field k, and let f : C −→ C be a dominant k-morphism. Let P be a set of points P ∈ C(k) of bounded degree satisfying the inequality
where t is a real number such that g − 1 > (t/2 + g − 1) deg f . Then the set
Proof. Let P be a point in P. Then, given any > 0, we have
using algebraic equivalence of divisors of equal degrees on C, the functorial property of heights, and the fact that f * sends divisors of degree 1 on C to divisors of degree deg f on C. Vojta's inequality (and the fact that K C has degree 2g − 2) then imply that
Choosing /2 > 0 smaller than g − 1 − (t/2 + g − 1) deg f and applying Northcott's theorem (that there are only finitely algebraic points of bounded degree and bounded height) finishes the proof.
Proposition 2.3. Let C and C be curves of genus g and g , respectively, defined over a number field k, let ν be a positive integer, and let f : C −→ C be a dominant k-morphism. Assume that
The the set
is finite.
Proof. By (1.0.6), we have the inequality
for all points P in (2.3.2). Applying Lemma 2.2, with P taken to be the set of points P on C of degree [k(P ) : k] = ν and t set equal to 2ν, then gives the desired result.
Remark 2.4. Since the degree of the ramification divisor R f is
is used as a measure of how ramified a morphism is.
This proposition yields a simple, purely arithmetic proof of Castelnuovo's second genus-inequality in the special case that one of the curves being covered is elliptic. Castelnuovo's genus inequality follows fairly easily from the Hodge index theorem for surfaces; we present an alternate proof here that we will later modify, in Corollary 3.5, to obtain a stronger inequality that holds under certain conditions. Corollary 2.5. Let C be a curve that admits a map φ : C −→ C × E that is birational onto its image, where C is a curve and E is a curve of genus 1, and where C, C , E, and φ are all defined over any field of characteristic 0. Let f 1 and f 2 denote the maps on C obtained by composing φ with projection onto C and E, respectively. Then
Proof. It will suffice to prove this in the case where all of the curves and morphisms are defined over a number field. The reduction to the case of number fields is standard and we only sketch it here. Since C, C , E, and φ can all be defined by a finite number of equations, they can all be defined over a field L that is finitely generated over the rationals. Thus, we can write L as k(α 1 , . . . , α n ), where k is a number field and the α i are transcendental over k. Now, we can specialize each α i to a value in k without affecting the genus or nonsingularity of C, C , and E or altering the degree of φ. Hence, we have reduced to the case where everything is defined over a number field k.
The maps f 1 and f 2 yield inclusions of the function fields k(C ) and k(E) into k(C). Since φ is birational onto is image, k(C) must be the compositum of k(C ) and k(E) with respect to these inclusions. It follows that for any P ∈ C(k), the residue field k(P ) must be the compositum of k(f 1 (P )) and k(f 2 (P )) (where the inclusions are the natural ones). Whenever f 2 (P ) ∈ E(k), then, we must have k(P ) = k(f 1 (P )). After extending the base field k, we may assume that there are infinitely many Q ∈ E(k). The fiber f −1 2 (Q) must contain a point P ∈ C(k) with [k(P ) : k] ≤ deg f 2 . Hence, there are infinitely many P ∈ C(k) such that [k(P ) : k] ≤ deg f 2 and k(P ) = k(f 1 (P )). Applying Proposition 2.3, we see that (2.5.1) must hold.
Pull-backs of Θ and Zhang's result
The bound we use to prove Proposition 2.3 is a fairly weak one. For many algebraic points P , the arithmetic discriminant is much smaller than
To obtain improved bounds we need to control D 2 P , a formula for which was given in equation (1.0.5). It will be helpful, then, to take a close look at the heights with respect to Θ-divisors of points in Pic 0 (C). Suppose we have a curve C of genus g ≥ 2 over a number field k. Let C (d) denote the d-th symmetric product of C with itself. Points P of degree d give rise to rational points on C (d) by associating to P the point in
where P [i] are the conjugates of P in C(k) (see [Frey] and [Si] ). That this point is in fact rational follows from the fact that the action of the symmetric group S d on C d identifies all of itsk conjugates; hence it is fixed by Gal(k/k). Now, there is a natural map from
. When r = 0, the superscript zero is omitted.
Of course, Pic d (C) is isomorphic to the Jacobian of C, which we will denote by J. The group structure of J makes it convenient for our purposes. We will also want to work on C d since its geometry is so simple. The maps we will be using are
−→ J. We will denote by φ the composition φ = π • s. Note that π is not defined naturally since it depends upon the isomorphism between Pic d (C) and J which depends on the choice of a degree d line bundle on C. Our choice of degree d line bundle does not matter, but, for convenience, let us choose dF . Now, since −D 2 P is twice the Néron-Tate height, with respect to the Θ-divisor of J, of the point corresponding to D P in J, as noted earlier, and Néron-Tate heights are quadratic (see [L 1, 5 .3]), we have
It follows then from (1.0.3) that for points of degree d, we have
Thus, information about the structure of φ * (Θ) on C d should provide us with information about arithmetic discriminants of points. A result of Zhang ([Zh] )
gives us information which shows that arithmetic discriminants of points for which
, C) = 1 are smaller than the arithmetic discriminants of families of points P that correspond to the same D P .
By Riemann-Roch, h 0 (C,
can be 1 only if d ≤ g, so we restrict now to that case. When d ≤ g, Riemann-Roch and semicontinuity of h 0 (see, for example, [Ha, 3.12]) show that the set U of all (P 1 , ..., P d ) for which h 0 (C,
It is clear that the map φ is injective on U and is therefore generically injective on C (d) . With this terminology, here is Zhang's result.
Theorem 3.1 ( [Zh] ). Let p j denote the projection of C d onto its j-th factor. There exist effective divisors D 1 , . . . , D n on C d and points Q 1 , ..., Q n of C such that 1. all D i are algebraically equivalent to φ * (Θ);
shows that homologically on J, one has
where w d and w d−1 are the homological cycle classes on J corresponding to W d (C) and W d−1 (C), respectively. This equality fails to hold in general for cycles on W d (C), up to algebraic equivalence, however. Indeed, if it held, one would see that (3.0.2) combined with Vojta's inequality would imply that W 2 (C)(k) was finite for any curve C of genus greater than or equal to 4. One sees this by noting that if (3.2.1) were correct up to algebraic equivalence and W 2 (C)(k) were infinite for a curve C of genus g ≥ 4, then φ * (Θ) would be algebraically equivalent to
isomorphically (because C cannot be hyperelliptic by [V 3, Cor. 0.5]), which implies that for a quadratic point P on C, the right hand side of (3.0.2) is (6 − 2g + )h(P ) + O (1) for any > 0; this would violate Vojta's inequality. We know, however, that there exist curves of genus greater than 4 for which W 2 (C)(k) is infinite since there are bi-elliptic curves of every genus greater than or equal to 4. We note that (3.2.1) fails to hold when w d−1 and w d · Θ are considered as divisor classes on W d (C) not because of the difference between homological equivalence and algebraic equivalence (the two notions are the same for divisors and w d−1 is a divisor on W d (C) -see [Fu, 19.3 .1(i)]), but rather because the cycle map i * sending divisors on W d to cycles of codimension (g + 1 − d) on J fails to be injective on cycle classes up to algebraic equivalence. We also note that (3.2.1) does hold for divisor classes on W d (C) up to algebraic equivalence when d = 2 and C is hyperelliptic.
Corollary 3.3. For any > 0, there exists a constant O (1) such that for all P ∈ C(k) of degree d with h 0 (C,
Proof. If P is a point of degree d, then all of the conjugates P
[1] , . . . , P [d] of P have the same height with respect to any fixed k-rational divisor, and the divisor F is k-rational, so we may speak of the height of h(P ) without specifying a conjugate. Since the divisors corresponding to the Q i are all algebraically equivalent to F , we have for any > 0, 
for points of P outside of Supp D i . Every such P lies outside the support of D i − A Qi for some i (by part (iii) of Theorem 3.1), so for each P such that
3) applies to P for some i. Furthermore, each D i is algebraically equivalent to φ * Θ, so choosing such that (d/2) > > 0, we obtain
Applying (3.0.2) then gives us the desired inequality (3.3.1).
Note that this bound is strictly smaller than the formula obtained in [S-T, Section 4] for a family of algebraic points coming from pull-backs of rational points on P 1 . To save space, we will denote the divisor class of
, where 1, . . . , ν are the conjugates of P , as [P ] . Note that since it is an effective divisor class, [P ] ∈ W ν (C).
Proposition 3.4. Let C and C be curves of genus g and g , respectively, defined over a number field k, let ν be a positive integer, and let f : C −→ C be a dominant k-morphism. Suppose that
Proof. For any point P ∈ C (k) of degree ν for which [P ] / ∈ W 1 ν (C ) the inequality (0.0.1)
can be replaced by (3.3.1)
Now, let P be a point of degree ν on C such that P := f (P ) is also of degree ν and [P ] / ∈ W 1 ν (C ). Choosing a suitably small and applying Lemma 2.2, with P taken to be the set of these points P and t taken to be 2ν − 2 + , finishes the proof.
We immediately obtain better bounds on the genus of C in Corollary 2.5 in certain cases. We need to introduce a small amount of notation. Given a map of curves f : C −→ C we obtain push-forward maps f * :
The fact that pushing forward and pulling back preserve linear equivalence (and hence give maps of Brill-Noether loci) is proved in [Fu, 1.4 
and 1.7]).
Corollary 3.5. Let C be a curve that admits a map φ : C −→ C × E that is birational onto its image, where C is a curve and E is a curve of genus 1, and where C, C , E, and φ are all defined over any field of characteristic 0. Let f 1 and f 2 denote the maps induced by φ composed with projection onto C and E, respectively. Suppose furthermore that
Proof. As in Corollary 2.5, we may assume that all of the curves and morphisms are defined over a number field k. Since
in only finitely many points. Hence, we may apply Proposition 3.4 to all but finitely many points of the form f 1 (P ) ∈ C (k) for P ∈ C(k) which are in fibers f −1 2 (Q) of rational points Q ∈ E(k). Proceeding as in Corollary 2.5 then finishes the proof.
We note that this corollary sharpens the classical bounds of Castelnuovo (see [A-C-G-H, Chapter 8, Ex. C-1]) in the special case under consideration, as one can see by comparing (2.5.1) with (3.5.1). We should note that when the genus of C is not too small relative to deg f 2 and deg f 2 is a prime number, this bound can be improved further. The following proposition is an easy consequence of some results of [A-H] .
Proposition 3.6. Let p be a prime number and suppose E is an elliptic curve contained in W p (C) for a curve C of genus greater than p(p − 1)/2 + 1. Suppose furthermore that E is not contained in W p−1 (C) + Q for any Q ∈ C(k). Then there exists a map ψ : C −→ E from C to an elliptic curve E for which E = ψ * (Pic 1 (E )).
Proof. By Theorem 2 and Lemma 3 of [A-H]
, either E is contained in W 1 p (C) or there exists a map φ : C −→ C of degree greater than 1 to a curve C and an elliptic curve E ⊂ W d (C ), where d = p/(deg φ), such that E = φ * E . Since p is prime this can only happen when deg φ = p. This means that C must be an elliptic curve since W 1 (C ) contains an elliptic curve.
Remark 3.7. Abramovich and Harris assume throughout their paper [A-H] that their abelian subvarieties of Jacobians are "minimally" embedded in the sense that they are not contained in W d−1 (C) + Q for any Q ∈ C(k) (see the beginning of Section 2 of the paper). This implies, via Riemann-Roch, that these abelian subvarieties are not contained in W Corollary 3.8. Let C be a curve that admits a map φ : C −→ C × E that is birational onto its image, where C is a curve and E is a curve of genus 1, and where C, C , E, and φ are all defined over any field of characteristic 0. Let f 1 and f 2 denote the maps induced by φ composed with projection onto C and E, respectively. Suppose furthermore that
1)/2 + 1, and that deg f 2 is a prime number. Then f 1 isétale and g(C) = (deg f 1 )(g(C ) − 1) + 1.
Proof. As in Corollaries 2.5 and 3.5, we may assume that all of the curves and morphisms are defined over a number field k. In order to apply Proposition 3.6 to f 1 * f * 2 (Pic 1 (E)), we need to show that
is not contained in W 1 deg f2 (C) all but finitely many of the elements of f 1 * f * 2 (Pic 1 (E)) have unique representations as effective divisors D of degree f 2 on C. Hence, we need only show that there is no Q ∈ C(k) contained in the support of all of these D. It is not hard to see that this is the case, since by the definitions of f 1 * and f * 2 , each D can be written as a sum
Applying Proposition 3.6, see that there exists a map ψ : C −→ E to an elliptic curve E such that
. We note that ψ * must be an isomorphism onto its image since otherwise it would have degree greater than 1, which is not possible since
2 must be an isomorphism onto its image. It follows that f 2 * induces an isogeny g : E −→ E such that ψf 1 = gf 2 . After extending the base field of E we may assume that E(k) is infinite and that there are therefore infinitely many Q ∈ C(k) such that f 2 (Q) ∈ E(k). This means that for P = f 1 (Q), we must have ψ(P ) ∈ E (k), since gf 2 (Q) ∈ E (k). By the Chevalley-Weil theorem ([V 2, Thm. 5.1.6]), we have
where R ψ is the ramification divisor of ψ. If ψ(P ) ∈ E (k), an application of Riemann-Hurwitz then yields
, which means that f 1 isétale, by the Riemann-Hurwitz formula.
Remark 3.9. It would be interesting to have results similar to Corollaries 3.5 and 3.8 in the case that E is replaced by a curve C 2 of arbitrary genus g 2 and
. One may be able to use results of [Frey] to apply the method of Corollary 3.5 to obtain some generalizations but only under the more restrictive hypothesis that W 1 g2(deg f2) (C ) is empty. It may also be possible to prove results along these lines using a direct analysis of the Néron-Severi group of C × C 2 .
The most obvious way for points of degree ν or less to arise on a curve is via nonconstant maps of degree ν or less to P 1 or elliptic curves. We saw in the previous corollary that points P in fibers over rational points of elliptic curves have "smallest possible" arithmetic discriminants; that is to say, they satisfy d a (P ) = h K (P ) + O(1). On the other hand, if one has a family of points P all of which form fibers over rational points of P 1 with respect to a fixed map to P 1 , then all of the divisor classes [P ] are linearly equivalent and all of the P give rise to the same D P in the notation of (1.0.3). This implies that all of these P satisfy the equality d a (P ) = h K (P ) + 2[k(P ) : k]h(P ) + O(1). These points thus have "largest possible" arithmetic discriminants. It is natural to ask if there are points which have arithmetic discriminants which are neither smallest possible nor largest possible. In the next section, we examine points of degree 2 on curves of genus 2 and demonstrate that there are such families of points on bi-elliptic curves of genus 2. In the process of doing this, we will obtain a curve that admits two covers and which has genus as small as is permitted by Corollary 3.8.
Quadratic points on curves of genus 2
Throughout this section C will be a curve of genus 2 defined over a number field. By [A-C-G-H, Chapter 6, Ex. I-1], C (2) is the blow-up of Pic 2 (C) at the point corresponding to the canonical divisor of C. We also know that a Θ divisor on J is simply the image of C in J with respect to an injection of C into J. It is fairly easy then to describe the structure of φ * Θ. We are only interested in determining this structure up to algebraic equivalence, so let us fix the injection of C into J by choosing a ramification point Q (which we may take to be k-rational by extending k) of the hyperelliptic map on C and defining i : C → J by i(P ) = [P − Q] and treat the divisor class of i(C) as the Θ-divisor of J; these two divisor classes are algebraically equivalent by Riemann's Theorem ([A-C-G-H, p. 27]).
Since the map π : C (2) −→ J is a blow-down at a single point, π * Θ is simplỹ Θ + mD whereΘ is the strict transform of Θ, D is the exceptional divisor of π, and m is the multiplicity of Θ at (0) (since (0) is the image of K C in J via the isomorphism we chose between J and Pic 2 (C)). It is easy to verify that m = 1, because Θ clearly contains (0) and Θ is nonsingular. Now, φ({Q} × C) = φ(C × {Q}) = Θ and φ is a map of degree 2 away from the point (0); hence, s * Θ = {Q} × C + C × {Q}. One also sees that if σ is the hyperelliptic involution of C, then all points in C (2) (k) of the form (P, σP ) have the property that P + σP ∼ K C ∼ 2Q; hence, they all map to (0) in J. The set of all such points forms a curve, which we call ∆ α (it is the graph of σ). Since there is one rational curve in C (2) corresponding to a unique nontrivial linear equivalence class of divisors, s(∆ α ) must be this curve. This curve is also the exceptional divisor D of π as noted earlier. Hence, it is clear that φ * Θ = ∆ α + {Q} × C + C × {Q}. There does not seem to be much we can say about the heights of points in C (2) with respect to ∆ α , in general. When J is not simple, however, we can say a lot more. Under these circumstances, J contains an elliptic curve; in fact, every point on J lies on some elliptic curve in J. Since the algebraic equivalence class of a divisor on a curve is determined completely by the divisor's degree, we can obtain a great deal of information about arithmetic discriminants of points on J simply by calculating the intersections of φ * Θ with pull-backs of elliptic curves on J. It is easy to see that whenever the Jacobian of a curve C of genus 2 is not simple, C must admit a nonconstant map to an elliptic curve (one composes an injection of C into J with the map from J onto an elliptic curve). Our calculations will be particularly simple when there exists a map ψ : C −→ E of degree 2 to an elliptic curve, so let us now restrict to that case. We see in this case that there is a nontrivial involution β of C such that ψ · β = ψ. Letting ∆ β be the graph of this automorphism in C 2 , we see that s(∆ β ) is a curve in C (2) isomorphic to E. Let us call this curve E, in a mild abuse of notation. Let us also denote its image π(E) in J as E . The following lemma will be useful. Proof. Since E and J are abelian varieties the inclusion of E into J must factor as a homomorphism composed with a translation. It follows that E and any nontrivial translate of E are distinct cosets of a subgroup and hence do not intersect. All translates of a divisor are numerically equivalent, so we have
We may also calculate the self-intersection of E by using the self-intersection of ∆ β . Applying the adjunction formula for surfaces ( [Ha, Proposition 5.1.5] 
Now, using basic properties of pull-backs of intersections ( [Fu, Theorem 6 .2]), we have ∆
Hence, E 2 = −1. This means that E ·D = 1. To see this one notes that π * E = E + mD for some nonnegative m and that from the projection formula and (4.1.1), we have E + mD · E = E 2 = 0, which implies that E 2 + m(E · D) = 0. This can only happen when E · D = 1 and m = 1.
It is easy to calculate d a (P ) when P is a quadratic point in C(k) for which the conjugate pair (P [1] , P [2] ) lies in E. In this case, the Chevalley-Weil theorem gives d a (P ) = h K (P ) + O(1) (as in the proof of Corollary 3.8). We are also able to use Lemma 4.1 to calculate the arithmetic discriminants of the quadratic points on C which are not pull-backs of rational points of E. We see that every rational point on J lies on some translate E + x of E , which we denote as E x . If x / ∈ E , then E + x does not pass through (0). It follows then that π * E x is irreducible and does not intersect D. Note that this means that φ * E x is irreducible, since if it had two irreducible components, each would have to admit a degree 1 map to E yet cover C, which is impossible since g(C) > g(E). Let us denote the (possibly singular) curve corresponding to φ * E x as C x .
Proposition 4.2. For a fixed x ∈ J(k), all of the points P for which the conjugate pair (P
Proof. Whenever P
[1] and P [2] are the conjugates of a quadratic point on C, plugging d = 2 into (3.0.2) yields
holds when (P 1 , P 2 ) ∈ C x . Applying this to conjugate pairs (P [1] , P [2] ) ∈ C x and combining with (4.2.2) yields
Since 2Q ∼ K C , the height functions h [Q] and h are the same up to a bounded constant, this gives the desired result.
LetC x denote the desingularization of C x . SinceC x admits maps of degree 2 to E and to C (which it inherits from C x via the natural mapC x −→ C x ), it is clear that there is a mapC x −→ C × E that is birational onto its image. By Corollary 3.5 (which we may apply since W 1 2 (C) is a single point), the genus ofC x must be at most 5. We see now that it is exactly 5, in general, and that Corollary 3.5 is therefore sharp in this case. First, we need to introduce maps on J and C. Note that modding out by E gives us a map from J to an elliptic curve. Let us call this elliptic curveẼ and let us denote as ρ the natural map ρ : J −→Ẽ obtained by modding out by E . Let us also denote as γ the map on C obtained by composing ρ with the inclusion i : C −→ J defined earlier. We find the degree of γ below. Proof. It will suffice to show that E · Θ = 2, since this implies that the fiber of γ over the identity ofẼ has degree 2. To show this, we begin by calculating ∆ β · ∆ α , again using the projection formula. We obtain
We now have all the information we need to calculate ∆ β · φ * Θ. We have
Since φ * ∆ β = 2E , we obtain E · Θ = 2 via the projection formula. Now, we are able to show that for general x,C x has genus 5. Proof. We begin by describing each curve C x as a fiber product. We observe that C x admits two maps to C induced by the two projections from C × C onto C. Let us denote these two maps from C x to C as p 1 and p 2 . Now, when ρ(x) = 0, C x is simply the set of points (P 1 , P 2 ) of C 2 for which γ(P 1 ) = −γ(P 2 ) + ρ(x). This means that the following diagram is a fiber square Note that the ramification locus of γ in E consists of two points; let us call them Q 1 and Q 2 . If ρ(x) is not equal to 2Q 1 , 2Q 2 , or Q 1 + Q 2 , then the ramification loci of γ and −γ + ρ(x) are disjoint. This implies that C x has no singularities and is therefore equal to its desingularizationC x . It also implies that p 1 has exactly four ramification points, which means the genus ofC x is 5, by the Riemann-Hurwitz formula.
Remark 4.5. It is easy to see that the diagram does not split in the sense of [Ma] ; that is to say, there is no way of choosing a base curve B so that C and E admit maps to B of degree 2 or less extending the diagram to a commutative square. Martens demonstrates that there is a curve of genus 4 which admits maps of degree 2 to curves of genus 1 and 2 which fail to split. Our curvesC x also have genus 4 in the case that ρ(x) = 2Q 1 and 2Q 1 = 2Q 2 , where Q 1 and Q 2 are defined as in the proof of Proposition 4.4, and it turns out that Martens' curve of genus 4 also arises in this manner. We also note that when 2Q 1 = 2Q 2 and ρ(x) = 2Q 1 = 2Q 2 , the curveC x has genus 3 and the map fromC x to C isétale. In this case, the image in C of the quadratic points onC x have the smallest field discriminants d(P ) permitted by Vojta's conjecture although their arithmetic discriminants are not "smallest possible." This is a phenomenon that also occurs in [S-T, Sections 3 and 4].
In closing, we would like to make a few general statements about arithmetic discriminants of quadratic points on curves. A curve C of genus 2 may have a non-simple Jacobian without being bi-elliptic. The subject of curves of genus 2 that cover elliptic curves is, in fact, quite complex (see, for example, [Kani] ). While some of the work done here carries over to curves of genus 2 that are not bi-elliptic but have split Jacobians, we are not able to answer some basic questions about the arithmetic discriminants of quadratic points on such curves; for example, it is not clear whether or not Vojta's inequality is sharp for quadratic points on such curves. Arithmetic discriminants of quadratic points on curves of genus 2 with simple Jacobians seem to be even more difficult to control. On the other hand, arithmetic discriminants of quadratic points on curves of genus greater than 2 are easy to classify. When C is a curve of genus greater than 2, the Brill-Noether locus W 2 (C) cannot be an abelian variety. It follows from Faltings' theorem for subvarieties of an abelian variety ([Fa 1]) that W 2 (C) can contain infinitely many rational points only if it contains an elliptic curve. As observed in [A-H] and [H-S] , this means that a curve C of can have infinitely many quadratic points only if it is covered by a bi-elliptic or hyperelliptic curve. The main result of [Ma] then implies that on a curve C of genus greater than 2, all of the quadratic points are obtained via bi-elliptic or hyperelliptic maps on C itself.
